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h a C-vector space of dimension n
h* the dual, that is, the linear maps h — C

Clh ® b*| the symmetric algebra of h* @ b
= after choosing a basis for b:

Clhab*| =Cloy...Tn, Y1 - - Yn] = Clz, ]

W C GL(h) a complex reflection group

W has a diagonal action on C|x,y| by

(A, f(z,y)) = Ax f(z,y) == f(Az, (A"

e Clx,y|"V the polynomial invariants

o C(z,y)" the rational invariants, that is,
the field of fractions of Clz, y|"V

Problem: As a C-algebra, Clz,y]"V is finitely
generated. = How to compute the generators?

e (Classification of reflection groups:
W is a complex reflection group over b.
& Clx]" is a polynomial ring.
& /W = Spec(C[z]"Y) is smooth.
However, VV represented over §) ¢ ™ as

WBAH(? (Ato)_1>

is NOT generated by reflections.
Instead, we have a symplectic form

((z, ), (2", ") =y (z) — y(z).

on h & bh* and (h & h*)/W is a singular
symplectic variety, see [1, 2].

Hamiltonian equations of motion:
A Lie bracket on Clx,y| is defined by

0f Og

turning C|x, y| into the Poisson algebra.
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computes the generators (“fundamen-
tal invariants”) for C[V]"Y, where V is a finite
dimensional VV-module, for example V' = H B h*.

Set ' .= (), G = (0, < the deq rev lex
ordering on C[V]. For 1 <d < |W)| do:
1. G:=GU{NF(h)|h =spoly(f,g),
f.9 € G, deg(h) = dj.

. M :=A{x* € C|V]||a| =d,
Vg € G: LM(g) does NOT divide x“}.

. If M =0, stop.
. Forte M, set f := WHZAGWA*t’

. If NF(f) #0, add f to F', NF(f) to G.

F is a set of fundamental invariants for C[V V.

A polynomial f € Clx, y| has bidegree
Deg(f) i (deg, (f). deg, (/) € M.

For f(w,y) = 2 €aPa(®) da(y), set

U(f)(z,y) == fy.2) =) capay)qalz).

87

Theorem 1: The involution ¥ takes invari-
ants to invariants: For f € Clz,y]"V with

Deg(f) = (d,e), we have ¥(f) € Clz,y]”Y and
Dea(¥(f)) = (e, d).

Theorem 2: There is a system F' of fundamen-
tal invariants for Clz,y]"Y with U(F) = F.

d < |[W| is suboptimal: It suffices to take

d < inf {k e N |Clx,y] = <€9(C[az,y]g> } .

(=0

Compute this bound efficiently.

Exploit known results on the coinvariants
Clz,y|/I, where I is the ideal generated
by the invariants without constant term

3, 4.

Compute diagonal polynomial invariants
from rational invariants [5].

Exploit the symmetry given by the Degree
Principles: King’s Algorithm does NOT
do that (see Example).

King’s algorithm is based on Grobner
bases. Symmetry adapted bases and H-
bases |6, 7, 8] on the other hand preserve
symmetry.

Given a character x : W — C \ {0}, we call
f € Clx,y] a relative invariant, if, for all

A e W, we have Ax f = x(A) f. We denote
this by f < x.

Theorem 3: For f <+ vy, there ex-
ists f* € Clx,y] with f* <« x ! and
Deg(f) = Deg(f*).

For y = 1, this is Theorem 1.

Let a € C with a® +a+ 1 = 0, that is, a? = 1. We consider the complex reflection group W := G4
(in the Shephard-Todd-classification), which is the group generated over h := C# by the matrices

B a 0 (1 a+1
Al_(—a—l 1) and AQ—(O a >

The group W has order 24 and any minimal set of fundamental invariants for C[z]"Y consists of 2

algebraically independent generators.

However, this is not true for Clz, y]"Y: With King’s algorithm, one obtains 8 fundamental invariants

f1 — T1Y1 T X2Y2

fo=y1y2 (Wi —ws + (2a+1)y1 y2)
fa= (x5 —x3) (2% —25+4/3(2a+1) 21 x2)

fa
/5

r1y; +2oys —3(xoyr +x1y2) + Ra+ 1) yrys (191 — 22y2) — (2a+ 1) (x1y5 — 22 y3)
wi’yl “5’3%?12—3@2% +x192)+(4a+2)x1x2 (xlyl —$2y2)

fe = 6-—$2+(4a+2)$1$2 (z] — x5) —5901$% (x5 + x3)
fr=u+yS+ (“da+2)y1ye (yi —v3) —dyiys (v7 + v3)

|
3
 —

Js = in’ yg’—w% ?ff—(z a+1) ($1 Yy — T2 y2) (ﬁ yg—ﬂ?% y%)—(fl Y2 — &2 y1) (l’% y%ﬂL-’E% 93—3151 T2 Y1 y2)>

forming a system F' of fundamental invariants and ordered by their bidegrees

Deg(F) — {(17 1)7 (074)7 (47 O)v (17

3),(3,1),(0,6),(6,0),(3,3)}.

We observe that Deg(F') C N? is Gy-symmetric. We have

U(f1)=f1,¥(fs)

— f77\:[j(f8) — _f8°




